The economic impact of communicable diseases (mortality, loss of working days, fear of contagion, etc.) leads to a decrease in the demand for goods and services that affects the internal income and employment. In this paper, we propose the Solow model of economic growth in the presence of a communicable disease. Our goal is to study the effects of Kalecki's time delay and the latent period on long-term economic growth. To do this, we prove that there are two equilibria (diseasefree equilibrium and endemic equilibrium). Then, we investigate their stability. Additionally, we show that the endemic equilibrium can be destabilized through a Hopf bifurcation if the latent period cross some critical value. Finally, we give some numerical simulations to illustrate our results.
Introduction
The devastating suffering caused by the spread of an infectious disease on a large scale is almost always accompanied by an economic disaster that leads to financial difficulties for households. These effects translate into major negative changes in the socio-economic behavior of the nation affected by this epidemic. Nowadays, the threat of epidemics, such as AIDS and Ebola, does not have the same scale, but its progression is devastating for economic growth and development: the infected individual can no longer work or contribute to the development of his country [1, 2, 3, 4] .
Several models have been proposed to describe the dynamics of disease transmission, see [17, 9, 10, 7] for example. In all these models, the interaction between infectious diseases and macroeconomic phenomena is not taken into account. In [2] , this problem is taken into account. The autors used the OLG model to provide an analysis of the impact of investment in health-policies on economic development. In [6] , the Solow-Swan growth model is combined by the Lotka-Volterra system to capture the links between health of the population and the productive system of economy that is subject to infectious disease, but in which only the local stabilities of an ordinary differential system are studied. In [5] , the authors proposed a non-convex control problem describing the economic impact of infectious diseases, where the existence of an optimal solution is established and the stability of obtained steady states are fully characterized.
In this context, we combine Solow model of economic growth [8] with the SIR epidemic model [9] to formulate the following delayed Solow model with infectious diseases:
where K is the capital stock, S is the number of susceptible worker, I is the number of infected worker, R is the number of recovered worker, σ denotes the constant saving rate, A is a positive constant that reflects the level of the technology and α ∈ (0, 1) is the output elasticity with respect to capital, δ is the depreciation rate of capital stock, r is the specific growth rate, κ is the environment capacity, β is the average number of contacts per infective per unit time, µ is the per capita death rate of infective, γ is the natural recovery rate of the infective worker, τ 1 is the time needed for the installation of capital (Kalecki's time delay) [14, 12] and τ 2 is the latent period [11] .
The major theoretical object of this model is to examine the link between infectious diseases and economic growth, in particular the impact of the Kalecki's time delay [14, 13] and the latent period [9] on the economic fluctuations. To our knowledge, Kalecki was the first researcher who proposed the analysis of a simple capital accumulation equation with time delay [12] . In this context we refer to the two papers [14, 15] where the source of cyclic behaviour is worked separately out for economic growth and business cycles. Other researchers have proposed extensions of these models to deepen the understanding of this phenomenon (see [16, 13] and references therein).
Based on this literature overview, we seek to propose a new analysis of this phenomenon by studying the local stability of the system (1). Our main contribution is to prove that the latent period give rise to the observed fluctuations, but the Kalecki's time delay has no effect.
The remainder of this paper is divided into three sections. In section 1, we develop and study the dynamics of the model (1): stability of equilibria and existence of Hopf Bifurcation. In section 2, we present numerical examples in order to illustrate our analytical results. Finally, in Section 3 we conclude with a discussion of our findings and we propose directions for future research in this area.
Stability and Hopf bifurcation analysis
In this section, local stability of a disease-free equilibrium and an endemic equilibrium of the model (1) is established. Conditions are found under which the Hopf bifurcation occurs and periodic solutions emerge as the delay crosses some critical value
The characteristic equation of the model (1) has the following form:
where the coefficients a, b, c and d are calculated later for each case, based on model parameters.
Before giving our main results, we need the following lemma (For the demonstrations, see, for example, Theorem 2.1 in [20] ).
Lemma 2.1 Let the following characteristic equation
For all τ 1 ≥ 0, the equation (3) has all its roots with negative-real parts.
Proposition 2.2 For system (1), the equilibrium E 0 is 1. locally asymptotically stable if R 0 < 1;
Proof 2.1 At the equilibrium E 0 , the characteristic equation (2) becomes
From Lemma 2.1, the local stability of the equilibrium E 0 is deduced only from the equation
Obviously, this last equation has three roots λ 1 = −µ < 0, λ 2 = −r < 0, and λ 3 = −(µ + γ)(1 − R 0 ). Hence, the local stability of the equilibrium E 0 is equivalent to R 0 < 1. This achieve the proof. Now, we study the local stability and Hopf bifurcation of the equilibrium point E * .
Proposition 2.3
For τ = 0, the equilibrium E * is locally asymptotically stable if and only if R 0 > 1.
Proof 2.2 At the equilibrium E
* the characteristic equation (2) becomes
where
In the case without delay (τ 2 = 0), the characteristic equation (5) ). So, apply the classical RouthHurwitz criterion, we obtain our result. Then there exists τ 20 > 0 such that, when τ ∈ [0, τ 20 ) the steady state E * is locally asymptotically stable, when τ > τ 20 , E
* is unstable and when τ = τ 20 , a Hopf bifurcation of periodic solutions of system (1) occurs at E * . With
and
where a, b, c, and d are defined in (5).
Proof. From the hypothesis (H1), the characteristic equation (5) has negative real parts for τ = 0 (see Lemma 2.1). By Rouch's theorem [ [18] , p.248]), it follows that if instability occurs for a particular value of the delay τ, a characteristic root of (5) must intersect the imaginary axis. Suppose that (5) has a purely imaginary root iω, with ω > 0. Then, by separating real and imaginary parts in (11), we have
Hence,
From the expressions of a, b, c, and d, we have
From hypothesis (H1), we deduce that
Thus, the characteristic equation (5) has only one purely imaginary roots. From equations (8), we obtain the following set of values of τ for which there are imaginary roots: For τ = τ 20 , equation (5) has a pair of purely imaginary roots ±iω 0 , where ω 0 , and τ 20 are given respectively by (6) and (7).
According to the Hopf bifurcation theorem [19] , since τ 20 is a stability switch and ω 0 corresponding to τ 20 is a simple root of equation (5), then a Hopf bifurcation occurs at τ 20 .
Numerical simulations
In this section, we give some numerical simulations to illustrate our theoretical results. Let α = 0.5; A = 1; s = 0.3; r = 0.1; δ = 0.2; β = 0.1; µ = 0.05; γ = 0.5.
• If κ = 10, then the equilibrium E * is asymptotically stable for any τ ≥ 0, see Fig. 1 .
• If κ = 80, then the equilibrium E * is asymptotically stable for 0 ≤ τ ≤ 0.1512, and unstable for τ > 0.1512. When τ = 0.1512, a Hopf bifurcation of periodic solutions occurs at E * (see Fig. 2 and Fig. 3 ). 
Conclusion
In this paper, we combined a Solow model of economic growth [8] with an SIR epidemiological model [9] . The resulting model is a system of four differential equations with two time delays: Kalecki's time delay and latent period. This model has allowed us to show that the installation of an infectious disease can leads to oscillations in GDP, of the concerned country, around its equilibrium position. To clarify this impact we extended the analysis presented in [9] to show that the local stability of the endemic equilibrium point, E * , depend on the threshold value R 0 , and on time delay (the latent period) τ 2 . Additionally, we observed that the first delay (the Kalecki's time delay) τ 1 does not fundamentally affect the behavior of our model: Our proposed model changes its behavior from stable to unstable nature around E * when τ 2 crosses the critical value τ 20 via a Hopf bifurcation and periodic solutions bifurcating from E * . The analytical analysis and the numerical simulations support the hypothesis that an infectious disease can causing fluctuations in the economic growth. For future research, we plan to consider an extension of model (1) 
where f is the general incidence function and T is the treatment function which describing the number of recovered individuals by treatment per unit of time.
The complexity of the system (10) poses enormous difficulties for finding equilibria and analyzing their local stability. But we believe that the analysis of this model can confirm or refute our conclusion regarding the role of the Kalecki' time delay.
